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The example of the stability problem for stationary vertical rotation of a heavy
"tuning fork” with a single point is used for showing that the method of stability
investigation of a mechanical system stationary motions, based on the solution
of the problem of minimum transformed potential energy of a system [1— 6], is
equally suitable for analyzing "trivial" and "nontrivial" stationary motions for
which deformable elements of the system are, respectively, in the undeformed
and the deformed state. Two methods for solving this problem are presented.
Sufficient. stability conditions that impose certain restrictions from below on the
stiffness of rods and also from above and below on the angular velocity of the
system uniform rotation are obtained and analyzed.

The general statement of the problem of motion and stability of an elastic
body with a cavity containing a fluid was presented by Rumiantsev [1]. The theo-
rem on stability proved here is an extension of the Routh theorem to systems with
distributed parameters, and reduces the problem of stability of stationary motion
to that of minimum (transformed) potential energy W of the system. Solutions
of a number of problems on the stability of stationary motions of a solid body
with elastic rods and fluid in potential force fields appear in [2— 5], Two me-
thods for establishing conditions for positive definiteness of the second variation
82W in investigations of motion stability of mechanical systems consisting of
absolutely rigid bodies and material points with attached deformable elastic and
fluid bodies are presented and illustrated in [6] on the example of solutions of
specific mechanical problems.

The problem of stability of stationary motions of mechanical systems with dis-
tributed parameters were investigated in [7 — 10] (see the bibliography in [7 —
10]). The problem of stability of the "nontrivial" state of relative equilibrium
of an absolutely rigid body with elastic rods is considered in [9], where the " tri-
vial" and "nontrivial’ equilibrium states of the system are characterized by the
undeformed and deformed states, respectively, Only trivial states of relative equi-
librium of rigid bodies with elastic rods were investigated in [2— 6] and [7, 8],
It is noted in [9] that the previously used method based on the direct Liapunov
method cannot be applied for solving problems of stability of the nontrivial state
of relative equilibrium of the system, and another method of solution, based on
the expansion of elastic displacements of rods in series of some complete system
of functions is proposed. A finite number of first terms was retained in such series
without any mathematical substantiation, and the system with distributed para-
meters is essentially reduced to some system with a finite number of degrees of
freedom,
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1, Let us consider the motion of a rigid body with one fixed point and two attached
thin rectilinear elastic rods, moving in a uniform gravity field.

We introduce two rectangular coordinate systems: one inertial Ozyz with its origin
at the fixed point O of the body and the z-axis directed vertically upward, the other
Oz,z,25 which is moving with its axes coinciding with the principal axes of the rigid
body ellipsoid of inertia for point O, Let i, (v = 1, 2, 3) be unit vectors of axes z,,
and ¥ the unit vector of the z -axis whose projections on thez,-axes are 7y, .

We assume that two identical rods of length / are attached to the body at points /V,
and N, defined by coordinates V; (0, a, b) and N, (0,—a, b) . In the undeformed
state the two rods lie in the plane x;=0 with their free ends pointing in the same di-
rection parallel to the xj~axis, The planes passing through the geometric axes of rods
and parallel to planes z, = ( and z, = ( are the planes of symmetry of the rods,

We denote b \ .
Yo () =ujy (, 8) 6y Fup (8 8) by + uss (4 9) 4
0<s<Cl t>¢ (=12

the vectors of elastic displacements of points of the rod axes, The condition of rod inex-
tensibility is expressed by formulas [11]

wg' = —y(uj; +upy), j=12 (W =0du/d) (1D

and the condition for the rods to be fixed at one end to the body provides the boundary
conditions ' ’
Upp=1ujp =0, ujp' =up'= for s=0, t>1t (L2)
1t follows from (1. 1) that u,; and wu,, are quantities of the second order of smallness,
if ujy, Ujy,uj’and uyy (j = 1, 2) are taken as quantities of the first order. Note that
equalities (1, 1) represent the condition of rod inextensibility that is accurate only to
terms of second order of smallness with respect to the indicated magnitudes,
We define the potential energy of elastic deformation by formula [11]
: !
1 nt n 't t
My = 5\ [BL (4] +143) + EL (), + )l ds (1.3)
[]
where E is the Young modulus; I, and 7, are the moments of inertia of the rod pro-
file about straight lines drawn through its center of gravity parallel to the 2, - and z, -
axes, respectively, and EJ, and EI, are flexural rigidities,
The potential energy of the force of gravity is

Iy = Mg (21071 + Ta0Ys + ZaoTs) + (1.4)
!
gop g 11 (@11 A 821) + T2 (Uag + Ua) — Yavs (L — ) (u;'l + ufg + u; + u;)] ds

0
where M is the mass of the complete system; I,,, &, and 3, are the coordinatesof
the system center of mass in the undeformed state ; g is the acceleration of gravity ;
o is the area of the rod cross section, and p is the rod density. Note that formulas (1. 1)
and (1. 2) were used in the derivation of formula (1. 4).

The considered system admits integrals of energy 77 4 II = const and of areas
G-y = k = const, where T and II = II; +- Il are the kinetic and the potential
energies of the system, and G is the vector of kinetic moment of the system about
point O.
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We introduce into the analysis a rectangular system of coordinates (Jzz'z" that rotates
at some angular velocity Q about the z-axis, Denoting by G, the vector of kinetic

1

moment of the system about point O in its motion relative to axes (Ozz'z", we repre-
sent the integral of areas in the form G-y + JQ = k,where J is the moment of iner-
tia of the system about the z-axis defined by

1

J=J1m? 4 Jo1e® + Jats® + op 5 {0eh + ud) (1 — 1.9 + (1.5)
&
Uiz +uz) (1 — 128 — (L= 9) [0+ Yo (I + 9)] (), +u) +
U:I + u:z) (1 — 73" — 2 (Unsaz + Uniltae) 1172 +
a(l— ) (uy +up—uy — ) Yo¥s — 2(b -+ ) (s + ua) 11 +
(412 + Uss) Yal ¥ + 2@ [(w1a — Usa) (1 — Y9 + (Ua1 — Uyy) T172)} ds

and J,, J, and J, are the principal moments of inertia of the undeformed system
relative to axes ;, Z, and rg

We select §2 so that at any instant of time the equality G,.-y = O be satisfied, We
then have JQ = k , and the energy integral may be presented in the form T, + W =
const, where T, is the kinetic energy of the system relative motion and W is the trans-
formed potential energy of the system defined by

K2
W=y +1II (1. 6)

In what follows instead of W we consider the functional W,=W+ 1/, A -(Y* — 1),
where A is the indeterminate Lagrange multiplier, From (1,3),(1.4) and (1.6) we obtain
for W, the expression

W, = Ek;— + Mg (T10T1 + Ta0Y2 + TsoTs) + 1/sh (Y2 +1d 1t —1) 4 (LD

[
op S {8171 (ar + tar) + Te (tae + Ug2) — VoY (( —9) (uyy +

0
w2 4wl D alE gLy + ) + Bl (4 + )1} ds

(E = opE,)

2. We obtain the equations of stationary motions of the system and reasonable boun-
dary conditions by computing and equating to zero the first variation §W,. These equa-
tions are of the form

Mgzyo — Q* (1 — M) Y1 + 695 g+ +9)Tl@utum)+

Q2 [(uf; 4 u31) Y1 + (Baakaa + Usiliss) T2+ @ @n — Ugy) Tel} ds =

!
Mgy — Q° (Jo— My) Ta+ 0p s{[g + Q2 (b + 5) ¥s] (1g + Uas) +
6

Q2 [(uyst1a + Usilias) T1 + @ (W11 — Uar) To+ Wiz + Uda) T2 +
2a (U1 — Uge) T2 + “;‘ a(l—s) (u:; + u;z - ufl — u;z) Ysl} ds =0



Stability of stationary rotation of a heavy solid body 49

[}

Mgzoo— ©* (Js — h) o + 9p | {— 50— 9)[£ + Q@b+ 1-+5)15 X

0

(u121 + u;; —+ u;21 + u:z) + Q2[(b + 8) (U1 + Uar) 11 +

1 , , , ,
(b -~ 8) (U1e 4 Uge) T2 + - a (I—y9) (u:l + u:z - u121 - ué)Tz]} X
ds =0

EyLouy™ + {[aQ%,vs + gvs — YoQ2 (20 + 1 4+ s)(1 — ya)Ix
(0 —9) uy'} + @ lupyive — un (1 — )1 + {g + Q lay, +
b+ 9yl =0

E JunV + {[aQ%,7s + gys — YoQ2 (20 + 1 4 s)(1 — D)) x
(=) up'} + L lugyye — u (1 — )1 + gy, + Q2 {(0 +

$) to¥s —a(l — )l =0

Eylun™ — {[aQ%,v; — gys + V422 (2b + 1 4 s)(1 — ys)Ix
(I —8) uyy' ) + Q% [ugeyyys — Uy (1 — v:3)] + {g + Qb+
$) ¥s — ayl}y, = 0

E T,V — {[aQ%,75 — gys + YR (26 + 1 + s)(1 — yg?)Ix
(1 — S)ugg' ) + QF [ug,vive — g (1 — vI1 + gy, + Q2 [(b +

Shevs T a(l — Al =0
(Q = kJY Ay, = AQ272
U-il = ull'z = U;l = u;2 =0, ui”l = u'1’2 = u;,l = u:z =0 for s=1 (2,2
Boundary conditions (2, 2) must be supplemented by conditions (1. 1),

For z;y = x,, = 0 Egs. (2. 1) and boundary conditions (1. 1) and (2, 2) admit the
following particular solution:

= =0, v =1, uy® =un" =0, up’ = — up® = uys) (2.9)
where u = u, (5) is the solution of the boundary value problem

EJuV 4+ gl(l —s)uyl — Q2 (ug +a) =0 (2.4)
up (0) = uy" (0) = u" () = u"" () =0
with !
A=Ay Q%= JaQo? — Mgz, +0p [ (1 — 8) (g + Qg @b+ I + )] ugds (2.5)
0
Solution (2, 3) defines the rotation of the system at constant angular velocity Q, =
koJo™! about a vertical axis that coincides with the x4-axis of the ellipsoid of inertia
of the rigid body for its fixed point, In the above formula k, and J, are constants of the
integrals of areas and of the system moments of inertia about the z-axis for the station-
ary motion (2, 3).

3. Letus investigate the stability (definition of stability appears in Sect, 4 of [2])
of motion (2, 3) on the assumption that it is unperturbed.
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The conditions of stability are obtained from the theorem in [1], as the conditions of
positive definiteness of the second variation §*W for solution (2. 3) in metric with re-
spect to which the functional W, is continuous [2]. We shall consider two methods [6]
for establishing the positive definiteness of §2W,.

For the perturbed motion we set V3 = 1 4 8y,, up, = u, () + wy, and uy, =
— Uy (8) + w,,, and retain previous notation for the remaining quantities, The equality
¥? = 1 implies that 8y, — 0 with an accuracy to terms of order of smallness higher
than the first. Hence it is possible to assume in the calculation of §2W that y3 — 1.

From (1.7),(1.5) and (2, 3) — (2. 5) we obtain

W,y = Qo [(Ay — J1) 1° + (M — J2) 1271 + B.1
!
c "2 "2 2 2
op 3 {E 13 (s + ugy) + Epdy (whg + wa9) —
0

g(l—s) (uli -+ uzi + wlz + sz) — Q0% (Ur®+Ug ®+ Wi+ wye? )+
2 (g + Qg% (b4 s)] (w11 + U21) T1 + (W12 + Wag) T2l —
2Q0 [a (I — s)uo (wia' + was') — (2a + uo) UoTa] Y2} ds +

l
47700 {30 § (@ -+ o) (win — wi) d}
0

We rewrite (3. 1) in the form
Wy = U (Y1 Yoy Unyy Uy, Wi, Wg) + Uy (Ugg, Uny) + Uy (wyg, weg) (3.2

1
U = 45500 {op § (@ + o) (wis — wa)ds |* + A — ) Q*{ri+ 3.9
0
1
(b — T 25700 § (¢ + Qa7 (0 + 9)] (e + um)ds| + (b — Jo + ) Q7 >
0
1
{72 + (e —Ja 4 A)7? Qg’op S {lg + Qo® (b + 9)] (@12 + W) —
0
a2 (I — s) uy’ (wi' + wae')} d3}2
l 2 2 2 2
U1:GPS{E*Iz(u11+u£1)“g(l“s)(un+u21)" (3.4
0
; 2
0 (s -+ ss ds — (b — 705" {op § [+ a2 b -+ 9] (o -+ ) d
0

!
. o2 2 2
U2=°PS{E*11(W1:+wm)~g(l — 8) (Wyz + Wp) — (3.9)
°
Qo? (w1s® + wae®)} ds — Ay — T2 + 4)1Q5" X

I
fop $ e+ 202 0 + 5) + a96* (1 — 9) 801} (012 + wen) s |
o

1
A= 2opS (2a + uo) uods (3. 6)
0
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If conditions A,—J; >0 and A, — J, + A > 0 that represent the sufficient con-
ditions of stability of uniform vertical rotation (2. 3) of a heavy rigid body with twoiden-
tical undeformable rods bent according to the law defined by (2. 3) and (2. 4), are satis-
fied, then using the Cauchy~Buniakowski inequality, from (3. 4) and (3. 5) we obtain in~
equalities !

Uy > 0 B oL (i + tar) — g (1 — 5) (s + i) — 3.7

0
Qo2 (U + ugr®) — My — J1) ™ Qo’hy (Ugy + ug)?} ds
I P "2 2 .2 3.8
U2>GPS{E*11(U’12+w22)—g(l_3)(w12+w22)‘“ (3.8)
H
Q2 (wna2 + waa?) — (A — Jo 4 A)1 Qo_2h2 (wye + 1022)2} ds

1
b= op § [ + Qe (b + 5)]2 ds, (3.9
0

i
ho = op §{g 4+ Qb + 5) + aQe? (I — ) uy' 1} ds
0
Let us consider now the following variational problem. Find the minimum xl=* of
functional ! ) ! 2 -
F )= Su" ds {S (u? 4 ou )ds} (3.10)
0 0

in the class of functions u (s) (0 < s << 1) that are continuously differentjable up to
and including the fourth order and satisfy the conditions u (0) = u’ (0) = 0.
Setting now s = [z for the determination of the constant »* we obtain the problem

of eigenvalues "
d2
Gt x(v ) =0 o=

2O = (5 )= (F )y = 0 () e () =0

whose characteristic equation is of the form

A @) = a? + B+ vk (B2 — a?) + [(1 + o) B2 + v (1 —p3Ix (3.1D)
cosachpP —ap (B2 —a? 4 2vx)sinashp =0

20 = vx + Vix + v?, 28 = —wvu+ Vin 1 vhd

The sought % is equal to the smallest (positive) root of Eq. (3. 11).
From (3. 10) we obtain the inequality
! l
n2 — 2

Su ds>xl4S(u2—:—6u )ds (3.12)
[1} 0

and, taking it into account, from (3, 7) and (3. 8) we obtain inequalities
{

Uy > op§ {LEJelox — g (L — 9)] (s + i) +

[]

[EyJal™ % — Qo® — (g — JI) Q%) (uiy + ufy) —2(he —J )7 Q0 gty ar} ds
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{

Us 3> op Ul ox — g (L — 9] iy + wil) +
0

[Balyl™ % — Qo® — (hy — Ty 4 A)1Q5%he] (why + wihy) —
2 (A — T2+ A)Q hawgwee} ds
This, with allowance for (3, 2) — (8. 5) implies that inequalities
E 1,11 U’x> gl, EJ,I"*oxn> gl (3.13)
e — J1>> 20 Q0 72 (Eg Ll n — Q)71 > 0 (3.14)
M — Jo + A> 20,Q,72 (B T 17 % — Q1> 0

represent sufficient conditions for the positive definiteness of functional §2W,.In accor-
dance with the theorem in [1] we conclude that (3, 13) and (3. 14) are sufficient condi-
tions of stability [2] of the unperturbed motion (2, 3).

Conditions (3. 13) impose certain restrictions from below on the rigidity of rods, while
conditions (3, 14) impose on £, restrictions from below, as well as from above, This
feature is characteristic of systems with distributed parameters [2, 4, 6]. Constants A,
A, hyand h, in (3, 13) and (3. 14) are computed by formulas (2. 5), (3. 6) and (3. 9) for
a known solution u = u, (s) of problem (2.4).

4. Let us describe another method [6] of solving the problem of minimum of func-
tional 62W,.

We shall consider formula (3. 1) as functional for fixed y; and ¥, which will be taken
as parameters, Let us determine functions u,,, u,,, w,, and wp, for which the value
of (3. 1) is stationary. The stationarity condition (4, 1) yields the boundary value prob-

oS b LalY 4 g [ — 8) un') — Qg + (g + Q2 (b + 9y, = 0 (4.1
up 0) =uy 0) =uy," () = up” () =0

EJull + gl — ) ug'l" — Qg + [g + Qo2 (b + )y, =0 (%2
Uy (0) = uml (O) = u21” () = Usy” (l) =0

E*Ilw{ZV 4+ gl(l—s) wia]” — Qowys + 4J5'Q0? (a + ue) 5p X (4.3)
!

S (@ + Uo) (W1 — Wag) ds + g2+ Qo (b + 5 + a[(l — 8)ue'I Y12 =0

0

wy (0) = wy' (0) = wy," () = wy,” () = 0
E*Iﬂ”g + gl — 5) wlzzll — Qpwyy — 4-’;1902 (a + uo) sp X (4.4)
!

S(a + Ug) (w1s — Wag) ds + 8Tz + Qo* {b+ 5 + a[(—5) uo'} }1a=0

0

Way (0) = way' (0) = wyy" (1) = wy” () =0

Wwhen conditions E 1% > Q. EJl*%c> gl (4. 5)
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are satisfied, the solutions of problems (4. 3) and (4. 4) are the same: wy, = w,,.
In fact, by subtracting (4.4) from (4. 3) we obtain for w = wy3 — wy; the homogene=~
ous boundary value problem

{
E*Iiwlv-}- gl —s)w'] — QoPw + 4J;1902 (a -+ uo) sp 5. (@ t+ug)wds=0 (4.6)
v )= O)=w"QH=w" =0 °

Multiplying this equation termwise by w and integrating from 0 to ! with respect to s,
we obtain ! I
o(w)ss'[E,,hw ? _ g (l—s)w? — Qeuw?] ds + 4J;190269{S (@ + uo)w ds}2=0
o 0
whose left-hand part is estimated on the basis of (3. 12) as follows:

)
O (w)> f (B J1i~4o% —gl ) w' - (EJrl-4% — Q¢?) w?] ds
0

It follows from this that when conditions (4. 5) are satisfied, problem (4, 6) has the trivial
solution w = 0 ,hence w3 = wa,.
We represent the solution of problems (4, 1) — (4. 4) in the form
Uy = Ugy = Pillyy Wi = Wy = Volly (4.7
where u, and w, are solutions of the boundary value problems

E uV + gl(l —u,') — Q2uy + 8+ Q2 (b +5) =0 (4.9)
Uy 0)=u,” 0)=u," () =u,”" (=0

EJw™N +gl(l —9)w,) —Q?w,+ g+ Q2{b+s+ (4.9)
al(l —s)u,I'} =0

wy (0) = w,’ (0) = w,” (1) = w," () = 0.

Setting in (3.1) uj; = Yy, + Uy, Uy = Vil + Unyy Wie = YeWy T Uy a0d
Wyy = Yoy + Uy, We obtain
62W* = [(}"* _Jl) Q02 + Pl] 712 + [(7\’* - J2 + A) QO2 + P2] 722 + (4- 10)

1
op S{E* I, (01: + v;:) ~+ E*I1(U;: + v;:) —g(l—s) (1)121 + v:l +
0
b2 4 v) — Qo? (vl + vy + v + vh)} ds + 405°Q¢ X
{

{GP S (@ + Uo) (V12 — Va2) d3}2

where o

Py =20p\ [g + Qu? (b + )l u,ds
° (4.11)

1
P, = 2GpS {8+ Qb+ s+ alll —s)ul)} wyds
0

From (4. 10) with allowance for (3. 12) we obtain the inequality
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82W . > [(My — J1) Qo2 + Pl 12+ [(Aye — S - A) Qg® + Py s +
!

4770 Jop § (@ -+ u0) (ra — van) ds} "+
; |
!
3p \{[E Lol % — g (1 — 9] (v + vp) + [Exlulox — gl — 9)I X
0
W+ V) + (Bl — Q0% (2, + v2) +
(Bl — Q0%) (03, -+ v3,)} ds

which yields conditions of stability of motion (2. 3) in the form of the sufficient condi-~
tions of the positive definiteness of functional §21¥/,

E 0l on> gl, E 0 l"%x> gl (4.12)
E > Qg EJ %> Q2 (4.13)
(he — Jp) Q2+ P, > 0, g —Jy +4)Q2+ P,>0 (4.14)

The mechanical meaning of conditions (4. 12) — (4. 14) is the same as that of (3, 13)
and (3, 14),namely: conditions (4. 12) impose on the rigidity of rods restrictions from
below, conditions (4. 13) impose on ,% restrictions from above, and conditions (4. 14)
impose on the latter restrictions from below, To compute the constants P; and P, in
(4. 14) by formulas (4, 11) it is necessary to know not only the solution of problem (2.4),
but also the solutions of problems (4. 8) and (4. 9). For an unlimited increase of rod rigi-
dity (for £ — oo) we obtain at the limit from (3. 13) and (3. 14), as well as from (4,12)-
(4. 14) the known sufficient conditions A, — J;> 0 and A, — J, + A > 0 ofthe
stability of uniform vertical rotation in a homogeneous gravitation force field of an in-
variable system consisting of a rigid body with a single fixed point and two identical
undeformable rods bent in accordance with the law defined by (2. 3) and (2. 4) and rigid-
ly attached to it,

When the gravity force field is absent, conditions (3, 14) and (4, 14) can be derived in
the explicit form, since then the solutions of the boundary problems (2. 4), (4.8) and
(4. 9) are expressed in terms of elementary functions,
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ON TWO-DIMENSIONAL ELECTRO-GASDYNAMIC FLOWS
WITH ALLOWANCE FOR THE INERTIA OF CHARGED PARTICLES
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Electro-gasdynamic flows in inertia-free approximation and those with allowance
for inertia forces are investigated, Conditions under which inertia effects are con-

siderable, are determined. Simple analytical solutions are derived for systems of
electro-gasdynamic equations that describe the motion of particles in a uniform
external electric field in the presence of tangential discontinuity of gasdynamic

velocity at the half-plane boundary. The possibility of reverse current generation,

i.e, of the return of particles to the emitter is demonstrated, Obtained results
are compared with data related to inertia~free approximation. A numerical me-
thod is developed for solving the complete system of equations of electro-gasdy-
namics with allowance for particle inertia, The proposed method is used for in-
vestigating the expansion of electro-gasdynamic streams in channels. Results of

numerical calculations for various values of controlling parameters are presented,

Effects of inertia are set appart.

In many applications (such as electron-ion technology, electrically charged jet streams

aircraft engines) solid or fluid particles in a gasdynamic stream become electrically

charged, and it is necessary to investigate two-phase electro-gasdynamic flows. General
equations that define the electro-gasdynamic flow of a mixture of inert gas, particles,
and ions appear in [1].

If the charged particle inertia is small, two-phase flows can be investigated by the me-

thod developed for solving equations of electro-gasdymamics with the Ohm law formula-
ted in the inertia-free approximation [2 — 4], Investigation of such two-dimensional



